Purpose -To study the magnetic shielding and the losses of non-linear, hysteretic multilayered shields by using fast to evaluate analytical expressions. Design/methodology/approach -In order to evaluate the shield in the frequency domain, the non-linear shield is divided into a sufficient number of piecewise linear sublayers. Each sublayer has a permeability that is constant (space independent) and complex (to model hysteresis). This expression for the permeability is found from the Preisach model by a Fourier transform. Once H is known in the entire shield, analytical expressions calculate the eddy current losses and hysteresis losses in the material. The validity of the analytical expressions is verified by numerical experiments. Findings -In the Rayleigh region, the shielding factor of perfectly linear material is better than the one of non-linear metal sheets, but also the eddy current losses are higher. The results of the optimization show that steel is only a useful shielding material at low frequencies.
Introduction
Shielding problems are often solved by adding passive shields: sheets in conductive and/or ferromagnetic material. In order to design a good shield for a given shielding problem, it is interesting to compare several materials concerning their shielding effectiveness and electromagnetic losses.
To model a shield, there is a choice between numerical methods (finite elements, boundary elements, etc.) and analytical expressions. The first methods deal with the correct shield geometry, but they are time-consuming and the modelling of thin objects such as shields may require special attention (Krähenbühl and Muller, 1993) . The analytical expressions, on the other hand, usually describe a very simple and "unrealistic" geometry like an infinitely long plate or cylinder. In most cases, they are only valid for linear materials, i.e. materials with a constant magnetic permeability.
Nevertheless, these analytical expressions can be evaluated very fast and are thus interesting for parametric studies and for comparisons between materials. This paper starts from Hoburg's (1996) analytical expressions for linear multilayered shields. The expressions are applied to an infinitely long cylindrical shield to find its shielding effectiveness in a field with uniform transverse flux. It is described how to use these expressions to calculate the shielding effectiveness of a non-linear hysteretic shield, as well as how to find the losses due to eddy currents and hysteresis. Simulation results illustrate the effect of the non-linearity, and indicate the shielding effectiveness and the losses for several single layered shields. Next, non-linear multilayered shields are studied: the influence of the number of shield layers and the initial field strength is explained and an optimization of a multilayered hysteretic shield is presented.
Analytical calculation of the shielding factor of a linear material
The goal of the calculation is to find the shielding factor of a multilayered shield placed in a sinusoidal magnetic field with amplitude H 0 that is uniform at large distance from the shield. The shielding factor in a point is defined as jH s j=jH 0 j with H s the magnetic field with the shield present and H 0 the magnetic field in the same point without shield. The presented multilayered shields aim at shielding of installations with frequencies between 50 Hz and some hundreds of kHz. Consequently, Maxwell's laws are discussed in a quasi-static approximation. This approximation is valid if the largest dimension L of the installation is much smaller than the electromagnetic wave length, which is often the case for the considered frequency range. In a material with permittiviy 1 and permeability m, the condition for applicability of the quasi-static description is vL ffiffiffiffiffiffi m1 p ! 1 (Hoburg, 1996) .
Following notations are used in this paper:
. a bar on top of a symbol means a space vector X ¼ X x 1 x þ X y 1 y þ X z 1 z . an underlined symbol symbolizes a time phasor, a complex representation of a quantity that varies sinusoidally in time: for xðtÞ ¼ X cosðvt þ fÞ, we have X ¼ Xðcos f þ j sin fÞ and xðtÞ ¼ Re½X e ð jvtÞ with X the amplitude in space and v the angular velocity.
In this paper, Hoburg's model is considered for an infinitely long multilayered linear cylindrical shield with transverse flux as shown in Figure 1 . The shielded region is the area inside the cylinder. Far from the shield, the magnetic field is the uniform transverse imposed field h 0 ðtÞ ¼ jH 0 jcosðvtÞ with phasor H 0 . The shield consists of m linear concentric layers. Layer l has thickness d l , conductivity s l and (constant) permeability m l . Its outer surface is labelled b and its inner surface is a. The outermost surface of the shield with radius r 0 is denoted B and the innermost surface with radius r i is A.
Electromagnetic phenomena in each layer are described by a transfer matrix relating two field variables at one side of the layer with the corresponding variables at the other side. The two field variables are time phasors: one is the tangential component of the magnetic field H t and the other is proportional to the normal component of the magnetic flux density in the infinitesimal air gap between two layers: B n =m 0 . These variables are chosen because H t and B n =m 0 are continuous in adjacent layers. This results in the [2 £ 2] transfer matrix, relating H t and B n =m 0 at both sides of the layer.
Analytical formulation for magnetic shields
The matrix elements T ij , 1 # i; j # 2 are a function of the geometrical and the material properties of the shield layer. Next, the transfer matrices of all layers are spliced together, analogous to combining impedances for cascaded sections of transmission lines (Schulz et al., 1988) . As the tangential component of H and the normal component of B are continuous in adjacent layers, it can be assumed that H t at the outer side of layer l is identical to H t at the inner side of layer l 2 1. This combination of transfer matrices results in a relation between the field variables in the shielded area and the field variables in the source area and allows to obtain the shielding factor jH s j=jH 0 j. To obtain easier expressions, the problem is converted to Hoburg's planar geometry in Figure 2 . In this "unwrapped" version of Figure 1 , the magnetic field source is a sheet of surface current that varies sinusoidally in space with wavelength l ¼ 2pr i ¼ 2p=k with k the wave number. The cylinder of Figure 1 corresponds to one wavelength l in Figure 2 .
Maxwell's equations result in: Now the transfer matrix for each layer becomes:
with the elements T ij , 1 # i; j # 2:
. The thickness of the considered shield layer is denoted by d. The term B y =m 0 is used because an infinitesimal air gap is considered between two layers. The effect of this air gap on the shielding factor is negligible (Hoburg, 1996) .
3. Analytical calculation of the shielding factor of a non-linear material 3.1 Preisach model It is assumed that the working conditions of the shield are in the Rayleigh (1887) region because in many shielding situations, the magnetic field in (a major part of) the shield is rather weak. It is well known that in this area for a monotonously increasing or decreasing magnetic field h(t), the induction b(t) varies quadratically with the field h(t) when starting from the demagnetized state: However, for materials exhibiting hysteresis, the magnetic induction b(t) is not merely a function of the magnetic field h(t), but of its history as well. Usually, b(t) is split into a reversible part b rev [h(t)] and an irreversible part b irr ½hðtÞ; h past ðtÞ. To present the latter the classical Preisach model is used (Liorzou et al., 2000; Bertotti, 1998) . In order to obtain in the Preisach model a virgin curve as described by equation (5) 
According to this Preisach model, a periodic variation of h(t) between the extremal values h m and 2 h m corresponds with an ascending and a descending branch:
b ascend ½hðtÞ ¼ c 1 hðtÞ 2 c 2 h
These quadratic expressions represent repeatable hysteresis loops in the Rayleigh region. The corresponding extremal values for b(t) are b m and 2 b m , respectively, with
Equations (7) and (8) are experimentally verified for the material Magnetil (Arcelor) with c 1 ¼ 168:3 m 0 and c 2 ¼ 18:4 m 0 . As in this paper only shielding situations with weak fields in the Rayleigh region are considered, the choice for b rev and P(a,b) is acceptable on condition that the shielding material is initially demagnetized: for several extremal values h m , Figure 3 shows that the correspondence between the calculated and the measured loops is good. For the magnetic shield, only sinusoidal time varying fields are taken into account. Thanks to the non-linearity, a sinusoidal magnetic field does not result in a sinusoidal flux density. To simplify the problem, only its fundamental component is considered. In order to find this fundamental component for m, we start by a sinusoidal magnetic field hðtÞ ¼ H 0 sin vt, with H 0 the amplitude of the applied field. The corresponding time phasor is then H 0 ¼ 2jH 0 : Equations (7) and (8) give rise to a complex time variation of the induction b(t). The fundamental harmonic B I of b(t) is calculated:
b ascend e 2jvt dt because b ascend ðtÞ ¼ 2b descend ðt þ ðT=2ÞÞ. With H ¼ 2jH 0 ; the resulting B I is, 
Although the imposed field H 0 is sinusoidal, uneven harmonics can be found at the shielded side of the shield. The harmonics are caused by the non-linear behaviour of the shield. In this paper however, only the fundamental component is studied.
Calculation procedure
In order to take into account the non-linear behaviour, the non-linear shield with m ¼ mðjH jÞ is divided into m piecewise linear sublayers ( Figure 4 ). Each fictitious sublayer p ¼ 1; . . . ; m has a constant but complex m p . The number of sublayers should be high enough to obtain a good piecewise constant approximation of the Analytical formulation for magnetic shields function m(jHj). Thus, the problem of one non-linear shield is converted to the one of Section 2: a multilayered linear shield with m layers, each described by the complex permeability m p . These fictitious layers are now called "sublayers" because there is only one physical layer. m p must be determined in every sublayer p of the non-linear material. m p is calculated by the expression of its fundamental harmonic m The expression (10) needs a magnetic field as input value. Here, the following approximations are unavoidable, because the analytical algorithm accepts only one m p per sublayer while in reality m p differs from point to point:
. The x-dependence of H x , cos(kx) and B y , sin(kx) (2) is taken into account by taking the rms-value H x;rms ¼ H x = ffiffi ffi 2 p and H y;rms ¼ H y = ffiffi ffi 2 p .
. The y-dependence is "discretized" by the sublayers, each having its own m I p ; p ¼ 1; . . . ; m. If enough sublayers are taken, the y-dependence is modelled well. 
This averaging is acceptable as shown in Section 4, when comparing the results of the analytical model with the results obtained by finite element computation. As neither the permeabilities nor the magnetic fields in the sublayers are known, the problem is solved iteratively. Firstly, m I p is calculated for every sublayer (10) and (11) with H 0 as input argument. After calculating the shielding factor using the found m I p , the distribution of H x and H y in the shield are found from equation (2), and the m I p are updated. This procedure is iterated until it converges. Contrary to the linear case, the shielding factor depends on H 0 .
The shield can still consist of multiple physical layers of non-linear materials. Every non-linear layer l ¼ 1; . . . ; n is again divided in p ¼ 1; . . . ; m piecewise linear sublayers as illustrated in Figure 4 : n physical layers are each divided in m fictitious sublayers, resulting in N ¼ nm sublayers. The sublayer p in layer l has permeability m l,p .
Eddy current losses
The current density in sublayer p of a shield consisting of one non-linear layer can be found from the magnetic field: J ¼ 7 £ H . As for the planar geometry of Figure 2 the magnetic field is in the xy-plane ðH z ¼ 0Þ and the shield has an infinite length in the z direction, this expression simplifies to:
The losses P ec per meter length in z direction caused by these eddy currents are obtained by integrating J ·J * =2s over the shield thickness and one wavelength l (corresponding with the circumference of the cylindrical shield) (Bertotti, 1998) :
Here, the asterisk symbolizes the complex conjugate, h rp is the real part of h in sublayer p while h ip is the imaginary part. Every shield sublayer p ranges in y direction from y p to y pþ 1 , having thickness d p . For all m sublayers in the shield, A sp and A cp can be calculated by equation (2), as H x and B y are known at the edges of all sublayers once Section 3.2 is executed. For a shield consisting of several non-linear layers, evidently, the total eddy current loss is the sum of all contributions of the layers.
Analytical formulation for magnetic shields

Hysteresis losses
The power dissipated by hysteresis in the cylindrical shield is, per unit length in z direction (Bertotti, 1998) :
Re½H ðx; yÞ·jvB I * ðx; yÞ dy 
with c 1 ¼ 168:3m 0 and c 2 ¼ 18:4m 0 experimentally determined. As all sublayers represent the same material, the constants c 1 and c 2 are identical for every sublayer p.
In each sublayer, m I p is calculated with equation (11) using H x ð y p Þ and B y ð y p Þ at the source side y p of the sublayer (Figure 2 ). The imposed source field H 0 is at large distance from the shield 10 A/m. This low field ensures that the magnetization is in the Rayleigh region.
For several shield thicknesses, the effect of the non-linearity on the shielding factor is shown in Figure 5 Figure 6 shows the shielding factor and the losses for a 1 mm thick cylinder with the same r i , H 0 and material properties as in Figure 5 . The shield was divided in 20 linear sublayers.
The electromagnetic losses
In the low frequency range, the shielding factor is constant but not equal to 1. As eddy currents are negligible in this zone, the field reduction is due to pure ferromagnetic shielding. The eddy current losses P ec increase quadratically with the frequency v/2p: COMPEL 24,4
with f ind the flux coupled with the shield. Figure 7 shows that in this frequency range, the eddy current losses are distributed uniformly over the shield, making the shield resistance R sh independent of the frequency. The induced voltage V ind (rms-value) and the induced current increase linearly with the frequency because the small eddy currents hardly influence the flux f ind coupled with the shield in this frequency zone (cfr. constant shielding factor). The hysteresis loss per period is a constant in this frequency zone with negligible eddy currents and large skin depth. Consequently, the power dissipated due to hysteresis increases linearly with the frequency. In the high frequency range, the eddy currents cause a very efficient shielding behaviour. The eddy current losses are high and increase with the square root of the frequency. In equation (16), R sh is not a constant any more: Figure 7 shows that the current flows mainly in the outermost layer. Owing to the limited skin depth d, the resistance increases proportionally to 1=d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðvmsÞ=2 p . The induced current is approximately frequency independent as the latter cancels f ind almost completely. Also the hysteresis losses increase with the square root of the frequency, which means that the surface of one loop should be proportional with 1= ffiffiffiffiffiffiffi ð f Þ p . This can be explained by the surface of the magnetized area, which decreases indeed by The results of the analytical expressions for shielding factor, eddy current losses and hysteresis losses are verified by 2D finite element calculations (Silvester and Ferrari, 1990) . The expressions for the shielding factor were already verified by Hoburg et al. (1997) . The considered geometry is the cylindrical shield in a uniform transverse field, and not the planar shield in a source field that is sinusoidal in space. Because of the symmetry, only one quarter of the cylinder is modelled (Figure 8 ). The domain V is a rectangle with the shield modelled in one corner: the center of the cylinder is one of the corners of the rectangle. The rectangle is sufficiently larger than the shield: 10 £ 10 m for a shield of 0.3 m radius. For all four edges of the rectangle, boundary conditions must be applied. At the two vertical edges of the domain in Figure 8 , the magnetic vector potential is imposed, so that a magnetic field is created that is parallel to the edges. The difference between the potentials at both boundaries is chosen such that the created magnetic field is uniform far from the shield with an amplitude of H 0 . The field is forced to be orthogonal to the two horizontal boundaries. The shield material is modelled by a constant conductivity and the complex permeability m I (H). Hence, the finite element calculation to find the shielding factor and the losses of the non-linear, hysteretic, isotropic shield is time-harmonic and non-linear. To have an accurate modelling of the small skin depth at high frequency, up to 45,000 elements were chosen. Figure 6 shows that the results of the finite element calculations are in good agreement with the analytical results for frequencies up to 10 kHz. For higher frequencies, some differences can be seen in the calculation of the losses and the very small shielding factor, which is smaller than 10 2 5 . 4.3 The effect of non-linearity on the losses Figure 9 shows the influence of the parameters c 1 and c 2 on the shielding factor and the losses. It is recalled that c 1 represents the linear part of the permeability while c 2 makes m I complex and dependent on H. Compared to the original material (square markers in Figure 9 ), the curve with circular markers results in the same real part of the permeability m r and a higher jm i j (more hysteresis) for the imposed field H 0 ¼ 10 A=m. Obviously, the hysteresis losses are higher. The shielding factor is worse but the eddy current losses (and the total losses) are lower. An almost linear material with the same m r for H 0 ¼ 10 A=m -indicated with cross markers in Figure 9 -results in excellent shielding, very low hysteresis losses but the highest eddy current losses. Owing to the low c 2 , the material is almost linear which means that the permeability is almost constant: m I < m r ðH 0 Þ. Consequently, this permeability is also the average permeability in the shield. For materials with hysteresis however, the permeability is proportional to the magnetic field. Here, m I < m r ðH 0 Þ is the maximal permeability, while the average permeability in the shield is much lower. The highest average permeability seems to cause the highest eddy currents. The reason why the curve with the most hysteresis (circular markers) has lower losses is because the average permeability in the shield is rather low. Finally, the curve with triangular markers shows the effect of a reduction of c 2 : lower losses but also a reduced shielding efficiency. Similar to Figure 5 , the conclusion is that more hysteresis and non-linearity in the Rayleigh area deteriorate the shielding factor, but cause less electromagnetic losses.
5. Simulation results with multilayered shields 5.1 Number of layers A multilayered shield is considered with radius 0.1 m and constant thickness of 0.01 m, consisting of a number of alternating layers of steel and aluminium. The conductivities of the steel and aluminium are 8:5 £ 10 6 S=m and 3 £ 10 7 S=m, respectively. The permeability of steel is given in equation (15) and calculated with equation (11). Figure 10 shows the shielding factor of this multilayered shield as a function of the number of layer pairs for 50 Hz frequency. Several material compositions are considered. E.g. "25%Fe/75%Al" means a shield with four layers consisting of 1.25 mm Fe, 3.75 mm Al, 1.25 mm Fe, 3.75 mm Al. The total thickness is always 0.01 m and the aluminium layer is closest to the shielded region, the steel layer is Figure 10 . Shielding factor and losses (hysteresis þ eddy currents) per meter axial length versus number of layer pairs for several material compositions containing aluminium (Al) and non-linear steel (Fe) Analytical formulation for magnetic shields closest to the source region. From shielded region A to source region B, the order of shields is: A-Al-. . .-Fe-B. The number of linear sublayers per layer is 20. It seems that 50 per cent steel and 50 per cent aluminium yields a good compromise between good shielding factor and low losses. The optimum of shielding factor and losses is reached for about five layer pairs. For the considered frequency, more aluminium causes the losses -but also the shielding effectiveness -to decrease. In order to see the difference with linear material, Figure 11 shows the shielding factor and losses of the same shields as Figure 10 , but for linear steel with m I ¼ m r ðH 0 Þ ¼ 352. The plot looks similar to Figure 6 in Hoburg (1996) , as only the steel properties and the frequency are different. As aluminium is linear material, the curves for 100 per cent Al are identical to the ones in Figure 10 . For the alloys with steel, the conclusion is the same as in Section 4.1: the multilayered shield with linear steel shields better than the one with non-linear steel, but the eddy current losses are higher because the linear Figure 11 . Shielding factor and losses (eddy currents) versus number of layer pairs for several material compositions containing aluminium and linear steel COMPEL 24,4 steel with higher average permeability carries more eddy current than the non-linear steel. However, for the 0.01 m thick shield with 0.1 m radius, the total losses are slightly higher for the alloys with non-linear material, because of hysteresis losses. Evidently, the linearized steel has no hysteresis losses.
For a higher frequency of 5 kHz and a thinner shield of 1 mm, the results of Figure 12 are obtained. Conclusions are the same as for 50 Hz. Hoburg (1996) mentions reciprocity concerning the position of the source and the shielded region. For the planar geometry of Figure 2 , it does not matter what shield (aluminium or steel) is closest to the shielded region. However, reciprocity is not valid for the losses. Figure 13 is similar to Figure 10 : it shows the shielding factor and the losses of a shield with 0.1 m radius and 10 mm thickness, but with aluminium and steel in the opposite order: A-Fe-. . .-Al-B where A is the shielded region and B the source region -see Figure 1 . This results in the same shielding factor if the steel is linear. For non-linear materials, the shielding factor shows a small difference. The losses however Figure 13 with Figure 10 shows that evidently, the losses are identical for pure aluminium and pure steel. But for the alloys, the optimal number of layer pairs in Figure 10 (A-Al-. . .-Fe-B) becomes the worst in Figure 13 (A-Fe-. . .-Al-B): the losses can be more than double although the shielding factor is nearly the same. When extrapolating Figures 10 and 13 for high numbers of layer pairs, the losses become the same because the order of the very thin layers is not important any more. To summarize, it is important to notice that when using aluminium-steel alloys in shielding, low losses are obtained only if the first layer near the source is steel.
Optimization of the fraction of steel
To solve shielding problems, it is necessary to obtain a given field reduction by using a shield with optimal thickness and minimal electromagnetic losses. Similar to Ö ktem and Saka (2001), we optimize the cylindrical shield with radius 0.3 m that again consists of alternating layers of (linear) aluminium and (non-linear) steel with properties mentioned in Section 4.1. The optimization variables are the total shield thickness and the fraction of steel. The number of layers is a design parameter.
In a first optimization, the goals are to (1) obtain the desired shielding factor; and (2) minimize the losses due to eddy currents and hysteresis.
The thickness is not penalized in the objective function to minimize. The minimization algorithm is the Matlab function fgoalattain. It was used to find the optimal thickness and fraction such that the shield has exactly the desired shielding factor and that the losses are minimal. The optimization function uses a sequential quadratic programming method (Brayton et al., 1979) to minimize an objective function. The objective function executes the procedure explained in Section 3.2 to find for a given thickness, fraction, frequency, radius and number of layers the shielding factor and the losses. It produces two objective values: the shielding factor that the optimization routine tries to make equal to the desired shielding factor 0.01, and the losses. Optimizations were carried out for several frequencies, for two and ten numbers of layers and for several starting values to avoid local minima. This resulted in Figure 14 where the optimal thickness, fraction and the minimized losses are shown as a function of the frequency f. All shields in this figure have a shielding factor of 0.01 (100 times field reduction). The layers were divided into ten sublayers. For all curves shown, it can be seen that the optimal thickness is approximately constant for low frequencies (ferromagnetic shielding) and decreases with 1/f (eddy current shielding) for higher frequencies. The optimal fraction of steel decreases with the frequency: steel is only useful for ferromagnetic shielding at low frequencies, where eddy currents are small. For high frequencies, the steel has too many losses. Above 500 Hz, pure aluminium is chosen by the optimization procedure.
As there is no reciprocity concerning the shielded and the source area, Figure 14 shows curves for a two-layer shield with both order A-Al-. . .-Fe-B (marker A) and order A-Fe-. . .-Al-B (marker K). For low frequencies, the losses are much lower for order A-Al-. . .-Fe-B than for the shield with the opposite order A-Fe-. . .-Al-B, especially for the case of a low number of layers. This is in accordance with the conclusion of the previous section: for low losses, the first layer near the source field must be steel. It can also be seen in Figure 14 that a shield with a high fraction of steel is thinner for the same shielding factor than a shield with more aluminium. For the ten-layer shield, the fraction of steel is chosen very small. The losses are lower than for the two-layer shield for A-Al-. . .-Fe-B and higher for A-Al-. . .-Fe-B. Conclusions are that in general, more steel causes a thinner shield because of the better shielding due to a higher product ms but also more losses because of the lower conductivity compared to aluminium.
In a second optimization, the goals are to (1) obtain the desired shielding factor; (2) minimize the losses due to eddy currents and hysteresis; and (3) minimize the thickness.
Analytical formulation for magnetic shields
The attempt of the optimization algorithm to minimize the thickness encourages the choice of a large steel fraction. The weighting coefficient of the thickness is for every frequency set such that thickness and losses have approximately the same penalization contribution in the objective function to be minimized. Figure 15 shows that the fraction of steel is now higher than in Figure 14 , because the steel makes it possible to achieve the same shielding factor with a thinner shield.
Initial magnetic field
As the permeability depends on jHj, the transverse magnetic source field also determines the shielding factor of the cylindrical shield. Figure 16 shows the shielding factor of the cylindrical ten-layer shield with inner radius 0.3 m for several jH 0 j in the Rayleigh area. The effect of jH 0 j on the shielding factor is stronger if the shield is thicker. The shielding factor is the best for the initial magnetic field with the highest Figure 14 . Optimal thickness, fraction of steel and corresponding losses for shields with two and with ten layers. Al-Fe means that the layer closest to the shielded region is aluminium and the layer closest to the source region is steel. Opposite order for Fe-Al COMPEL 24,4 amplitude. It is an advantageous property of the shield that strong fields are reduced more effectively than weak ones.
Conclusion
Analytical expressions for the shielding factor of a multilayered shield are used in a procedure to calculate for multilayered, non-linear and hysteretic shields the shielding factor, the eddy current and hysteresis losses. For an infinitely long cylindrical shield in alternating layers of iron and aluminium, first the effect of the permeability, the imposed field strength and the number of layers is investigated. Shielding is better for linear materials and increases with the amplitude of the imposed field. Secondly, the shield is optimized to obtain the desired shielding effectiveness with minimal thickness and losses: with increasing frequency, the optimal thickness and fraction of steel decrease. , he is a research professor at the Ghent University. His research interests mainly concern numerical methods for electromagnetics, especially in electrical machines, modeling, and characterisation of magnetic materials.
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